We present arguments indicating that in presence of friction there is no anomalous scalings in the velocity correlations in the direct cascade in two dimensional turbulent systems. We also suggest that recent experimental observations of the direct enstrophy cascade are governed by a small parameter equal to the ratio of the enstrophy transfer rate over the enstrophy injection rate. The quasi-symmetry of the observed probability distribution functions of the velocity differences is linked to the smallness of this parameter. At leading order in the approximation consisting in neglecting odd order correlations in front of even order ones, the velocity statistics is gaussian with a normal scaling.
Two-dimensional turbulence has very peculiar properties compared to 3d turbulence, see eg. ref. [1, 2] for references. A special feature which distinguishes 2d from 3d fluid mechanics is the conservation of vorticity moments in the inviscid limit. As first pointed out by Kraichnan in a remarkable paper [3] , this opens the possibility for quite different scenario for the behaviors of turbulent flows in 2d and 3d: if energy and enstrophy density are injected at a scale L i , with respective rate ǫ and ǫ w ≃ ǫL −2 i , the 2d turbulent systems should react such that the energy flows toward the large scales and the enstrophy towards the small scales. One usually refers to the infrared energy flow as the inverse cascade and to the ultraviolet enstrophy flow as the direct cascade. In the (IR) inverse cascade, scaling arguments lead to Kolmogorov's spectrum, with E(k) ∼ ǫ 2/3 k −5/3 for the energy and (δu) ∼ (ǫr) 1/3 for the variation of the velocity on scale r. In the (UV) direct cascade, scaling arguments give Kraichnan's spectrum with E(k) ∼ ǫ 2/3 w k −3 for the energy and (δu) ∼ (ǫ w r 3 ) 1/3 for the velocity variation.
Two-dimensional turbulence has recently been observed in remarkable experiments providing new informations on these peculiar characteristics [4, 5] . The aim of this Letter is to suggest that the presence of friction in 2d turbulence ensures the absence of anomalous scalings as experimentally observed and that the observed symmetry of the probability distribution function is linked to the fact that the enstrophy transfer rate is a small parameter in 2d forced turbulence.
A few experimental facts. See refs. [4, 5] for a precise description of the experimental set-up used to observe the direct and inverse cascades. The turbulent flow takes place in a square cell such that the injection length is L i ≃ 10 cm. The bottom of the cell induces friction with a coefficient τ ≃ 25 s. The dissipation length l d is of order 1 mm and the UV friction length l f of order 0.5 cm. (τ, l d , l f are defined below). The enstrophy transfer rate determined from the three point structure function has been evaluated in [5] as η w ≃ 0.4 s −3 . The direct cascade is observed at intermediate scales between 1 cm and 10 cm. Besides the absence of any experimentally significant deviations from Kraichnan's scaling, two remarkable facts have been observed: (i) the two-point vorticity structure function, which is almost constant on the inertial range and of order 10 s −2 , does not vanish as x ≃ l f ; and (ii) the vorticity probability distribution function is almost symmetric and almost, but not quite, gaussian. Below we shall point out that fact (i) means that the vorticity correlations are discontinuous in the inviscid limit, and this implies that enstrophy transfer rate differs from the enstrophy dissipation rate, and that fact (ii) leads to an approximation in which odd order correlations are neglected in front of even order ones. This approximation is expected to become more and more exact as the enstrophy transfer rate becomes smaller and smaller compared to enstrophy injection rate.
A model system. As usual, to statistically model turbulent flows we consider the Navier-Stokes equation with a forcing term. Let u j (x, t) be the velocity field for an incompressible fluid, ∇·u = 0. The Navier-Stockes equation with friction reads:
with p the pressure and f (x, t) the external force such that ∇ · f = 0. The pressure is linked to the velocity by the incompressibility condition: ∇ 2 p = −∇ i ∇ j u i u j . The friction term 1 τ u j is introduced in order to mimick that in physical systems the infrared energy cascade terminates at the largest possible scale. The vorticity ω, with ω = ǫ ij ∂ i u j , is transported by the fluid and satisfies:
We choose the force to be Gaussian, white-noice in time, with zero mean and two point function:
, is a smooth function varying on a scale L i and fastly decreasing at infinity. The correlation function of the vorticity forcing term is:
We shall assume translation, rotation and parity invariance and expand C jk (x) as:
Later, ǫ and ǫ w will respectively be interpreted as the energy injection rate and enstrophy injection rate [6] .
The scale L i represents the injection length. Friction brings another inviscid large length L f ≃ τ 3/2 ǫ 1/2 into the problem. It is the length at which the energy is extracted. It provides a natural IR cut-off. One may suppose L i ≪ L f . The inverse cascade takes place at distances L i ≪ x ≪ L f . At finite viscocity, there are two ultraviolet characteristic lengths, the usual dissipative length l d ≃ ν 1/2 ǫ −1/6 w and another friction length l f ≃ ν 1/2 τ 1/2 above which friction dominates over dissipation. We shall consider the inviscid limit at fixed friction, ie. ν → 0 at τ fixed. Note that (l f / l d ) 2 = τ ǫ 1/3 w is bigger than one in the quoted experiments. The short distance statistics for the direct cascade that we are going to discuss will be valid for l f ≪ x ≪ L i , as in the experimental setting.
The fundamental property of two dimensional turbulence recognized by Kraichnan [3] and Batchelor [8] is that the energy cascades towards the large scales because it cannot be dissipated at small scales. In absence of friction the system does not reach a stationnary state. But friction provides a way for the energy to escape and for the system to reach a stationnary state. So we shall assume that the velocity correlation functions become stationary. The fact that the energy is not dissipated at small scales translates into the vanishing of the averaged dissipation rate, ie. ν (∇u) · (∇u) = 0 in the inviscid limit. We shall extend this property by assuming that there are no energy dissipative anomaly which means that [8] lim
inside any correlation functions. However there could be enstrophy dissipative anomalies in the sense that ν(∇ω) 2 does no vanish in the inviscid correlation functions. Actually there are such enstrophy anomalies but we shall argue that these are small in the quoted experiments. Of course the smallness of these anomalies is related to the smoothness of the velocity fields.
Two and three point velocity correlation functions. We now argue that in presence of friction the two and three point structure functions have a normal Kraichnan's scaling with no correction and we give exact formulas for the two and three point structure functions. This follows from the fact that at finite friction the enstrophy density is finite. Here and in the following δu denotes velocity differences δu(x) = u(x) − u(0).
In absence of energy dissipative anomaly, the mean energy density relaxes in the inviscid limit according to ∂ t
showing that ǫ is effectively the energy injection rate. It reaches a stationary limit with u 2 = ǫ τ . Similarly the enstrophy density evolves according to ∂ t ω 2 + 2ν (∇ω) 2 + 2 τ ω 2 = 2ǫ w showing that ǫ w is the enstrophy injection rate. Let ǫ w = lim ν→0 ν (∇ω) 2 be the enstrophy dissipation rate which is no vanishing in presence of enstrophy anomaly. Note that ǫ w < ǫ w . In the stationary limit the enstrophy density is finite and equal to:
Ie. the enstrophy density is equal to the difference of the enstrophy injection and the enstrophy dissipation rates times the friction relaxation time. At finite friction, ie. τ finite, the enstrophy density is finite. Since, (ω(x) − ω(0)) 2 is positive, the vorticity two point correlation function ω(x)ω(0) stay finite since it is bounded by ω 2 . In particular the vorticity correlation cannot diverge as x → 0, ie. it cannot have a negative anomalous dimension. In other words, the scalings ω(x)ω(0) ∼ r −ξ ′ or ∼ (log r) ξ ′ with ξ ′ > 0 are forbidden in presence of friction. Only scalings such as ∼ r ξ2 or ∼ (log r) −ξ2 with ξ 2 positive are allowed. ξ 2 > 0 would correspond to velocity differences (δu) decreasing faster than r 2 which seems unlikely on physical ground [9] . It would correspond to breakdowns of Kraichnan's scaling for the energy spectrum different from those discussed in eg. refs. [7, 10] in absence of friction. More importantly it does not seem to fit experimental evidences [4, 5] . So we shall assume that ξ 2 = 0 [11]. Below we shall present arguments in favor of this hypothesis. It means that the velocity two point functions becomes asymptotically constant, ie.
Experimentally Ω = ω 2 which means that ǫ w = η w . Experimental values [5] are compatible with ǫ w ≃ η w /2. In other words, the enstrophy dissipation rate differs from the enstrophy transfer rate and the vorticity correlations are discontinuous in the inviscid limit. These discontinuities should be linked to wall structures in the turbulent flows in which the vorticity is fastly varying. Note that ǫ w < η w < ǫ w . Since ∇ 2 x (δu) 2 = 2 ω(x)ω(0) , finiteness of the vorticity two point function at coincident points imply that: (δu) 2 ) ≃ Ω 2 r 2 . Note that the scaling is the normal Kraichnan scaling but the amplitude is different, ie. Ω instead of ǫ 2/3 w . As a consequence we may obtain the velocity two point function as:
In particular (δu) 2 ⊥ = 3 (δu) 2 = 3Ω r 2 /8. The subleading terms could have anomalous scalings. Recall that since we consider the inviscid limit at fixed friction coefficient, these behaviors will be valid in the scale domain l f ≪ x ≪ L i . As usual, stationarity of the two point correlation functions gives in the inviscid limit, for x = 0:
It allows us to determine exactly the three point velocity inviscid structure function:
This gives (δu) 3 = (δu) (δu) 2 ⊥ ≃ η w r 3 /8. Finding the exact three point correlation functions with three different points is much harder and still unsolved.
Let us now present more formal but not rigorous arguments for ξ 2 = 0. Let us suppose that scalings of the velocity and vorticity correlations are linked by (δu) p ≃ r p+ξp and (δw) p ≃ r ξp . First one may show using (6) that ξ 3 = 0 for ξ 2 = 0 or for ξ 2 > 0. Thus by convexity arguments, if ξ 2 > 0 then ξ p < 0 for p > 3. It would mean that (δw) p diverge as x → 0 for p > 3. But this is impossible since (δw) 4 is bounded by 16 w 4 while w 4 is itself bounded by 6(τ ǫ w ) 2 which is finite at finite friction. Thus all ξ p are expected to vanish. But this is not a perfect proof and the possibility ξ 2 > 0 is not totally ruled out.
Higher order correlation functions. In the exact formula (5) and (7) the two point velocity structure functions are proportional to Ω and the three point functions are proportional to η w . Thus if η w ≪ ǫ w the three point functions will be much smaller to the two point functions. We now would like to argue that this property holds for higher order structure functions. Namely we shall argue that the odd order velocity correlation functions are smaller compared to the even order velocity correlations when the enstrophy transfer rate η w is much smaller than the enstrophy injection rate ǫ w . We then show that velocity correlation statistics becomes gaussian when neglecting the odd order correlations in front of the even order ones. This is expected to correspond to the limit η w /ǫ w → 0.
Consider for example the equation expressing the stationarity of the order four velocity correlation ((δu i )(δu i )) 2 :
Here we have explicitly used the fact that there is no energy dissipative anomaly, ie. that lim ν→0 ν(∇u) 2 = 0 inside correlation functions. Recall that ǫ w Ω = η w Ω + Ω 2 /τ . Similarly as for the solution of the equation (6) between the order three and order two correlations, this suggests that ((δu) 2 ) 2 scales as Ω 2 r 4 whereas ∇ k x (δu k )(δu) 2 and the terms involving the pressure scale as η w Ωr 4 . It is such that the friction term of the r.h.s. cancels the term of the l.h.s. proportional to Ω 2 r 4 /τ whereas the advection and pressure terms in the l.h.s. cancel the term proportional to η w Ωr 4 in the r.h.s.. This leads to conjecture that the velocity difference correlations of order 2n and 2n + 3 scale respectively as Ω n r 2n and η w Ω n r 2n+3 . Ie.:
Consistency of this ansatz may also be argued by looking at vorticity correlations ω p . Since ω is a pseudo-scalar ω 2n+1 = 0. Stationarity implies that ω p = (p − 1)τ (ǫ w ω p−2 − ǫ ω p−2 ) with ǫ = lim ν→0 ν(∇ω) 2 . By dimensional analysis a consistent solution would be ǫ ω p ∼ ǫ w ω p ∼ η w ω p and thus ω 2n ∼ Ω n . But clearly this is not a proof. Eqs. (8) is compatible with assuming that even order correlations are much larger that the odd order correlations when the enstrophy transfer rate η w is much smaller than the enstrophy injection rate ǫ w [12] . Reciprocally let us now assume that the odd order velocity correlations are much smaller that the even order ones. Consider the equations encoding the stationarity of an even number of velocity differences, ie. ∂ t (δu i1 ) · · · (δu i2n ) = 0. Both the terms arising from the advection (u · ∇)u or from the pressure ∇p involve correlation functions with an odd number of velocity insertions. Recall that ∇ 2 p = −∇ i ∇ j u i u j . So they are much smaller and negligeable compared to the remaining terms which are those arising from the friction and from the forcing and which involve an even number of velocity insertions. Hence at the leading order the stationarity condition of the even order correlations reads:
with δC ij (x) = C ij (0) − C ij (x). The overhatted quantities are omitted in the correlation functions. Once again in eqs. (9) we have used the fact that there is no energy dissipative anomalies. Otherwise there would have been extra terms in these equations. The solution of eqs.(9) is provided by a gaussian statistics with zero mean and two-point function:
Similarly the correlation functions of the velocity, and not only of the velocity differences, are gaussian at this order with covariance:
This is compatible with eq.(5) since Ω = τ ǫ w at this order η w ≪ ǫ w . It solves the equations similar to eqs. (9) arising from the stationarity of the even order velocity correlations with the odd order ones neglected. To be consistent it also has to solve the stationarity equations for the odd order correlations which at this order read:
with ∇ 2 p = −∇ j ∇ k u j u k . Since the statistics is gaussian it is enough to check them for n = 2. The gradiant of the pressure has scaling dimension one. Then the l.h.s. up to O(r 4 ) is a rank three symmetric O(2) polynomial tensor, transverse along all coordinates, invariant by translation and of scaling dimension three.
There is no such tensor and thus the l.h.s. is O(r 4 ) for n = 2. Moreover, one may check that for velocity field with gaussian statistics (11) there is no enstrophy dissipative anomaly. This reinforces the conjecture that odd order correlations are negligeable compared to the even ones for η w ≪ ǫ w . Of course the odd order correlation functions and the enstrophy anomaly cannot be completely neglected since otherwise there would not be any enstrophy cascade. But the consistency of this gaussian solution suggests that it may be a good approximation for evaluating the even order correlation functions. In view of the exact formula (δu) 2 ⊥ = 3 (δu) 2 = 3Ω r 2 /8 and (δu) 3 = η w r 3 /8 and (δu) 3 ⊥ = 0, this approximation would be better for the transverse velocity correlations.
Conclusions.
We have argued that the experimentally observed quasi-symmetry of the velocity difference probability distribution functions in the direct cascade is an echo of the fact that the enstrophy transfer rate is much smaller than the enstrophy injection rate. In the limit of vanishing enstrophy transfer rate the velocity statistics is gaussian in agreement with experimental facts. These property rely on the presence of friction and may not be true in absence of it. This may perhaps open a way to pertubatively solve the enstrophy direct cascade in presence friction using η w /ǫ w as a pertubative expansion parameter. We hope to describe elsewhere in more details the leading and sub-leading statistics in this expansion.
